Mental exercise: geometry and complex numbers
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These examples illustrate:
1) how annoying cubics can be to solve
2) how useful conjugates and quadratic solutions are
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3) that polynomials of order N have N roots, which may be real or complex
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K define negatives
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R J

define irrationals
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(this is the final stop)
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Each step here took hundreds (or thousands) of years to develop and be accepted

It’s hardly fair to call i “imaginary” - negatives were “false” as late as the 1500s

Yet we barely handle (or consider) complex numbers. Why?

Reals are complex (a+bi) with b=0
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This will, in a bit, translate nicely into a cartesian graph coordinate

But for now use it as as compact representation of complex numbers:
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This will, in a bit, translate nicely into a cartesian graph coordinate

But for now use it as as compact representation of complex numbers:
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We have mental models for what our various operations are

C:(a+bi)x(g+ hi)

(a,b)*(g,h) = (ag-bh, ah+bg)

What is our mental model for “seeing” complex numbers multiplied?

N:4X%X5

R :3.42%234.3
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In a right triangle, by definition

C
b

b
sin(a) = oPp = —
a hyp ¢
a adj a
cos(a) = —— = —
hyp ¢

Notice these are ratios - no units. The size of the triangle is ultimately irrelevant and is normalized away (by c)
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If | have 2 angles, can | build their combined properties from the single angles?

sinfla+ p) =

AO

_AE+EB
A0

_AE EB
YY) AO

_AE _AD EB
AD AO AO

_AE _AD DC
AD AO AO

AE _AD DC . DO
* *

- _ o : .
=5 0 + 0 0 cos(a) * sin(f) + sin(a) * cos(p)




If | have 2 angles, can | build their combined properties from the single angles?

sin(a + B) = cos(a) *sin(f) + sin(a) * cos(f)

sin(a+ f) = 10

_AE+EB
A0

_AE EB
YY) AO

_AE _AD EB
AD AO AO

_AE _AD DC
AD AO AO

AE _AD DC _ DO
* *

=S = cos(a) * sin(p) + sin(a) * cos(f)
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sin(a + f) = cos(a) *sin(f) + sin(a) * cos(f)
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cos(a+ f) =——
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sin(a + f) = cos(a) *sin(f) + sin(a) * cos(f)

@+py =28
cos\a =
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A0 A0
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sin(a + B) = cos(a) *sin(f) + sin(a) * cos(f)

@+py =28
cos\a =
AO

_ 0C-CB
A0

_0C CB

A0 A0

_0C_OD DE
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sin(a + B) = cos(a) *sin(f) + sin(a) * cos(f)

(a +p) or
cos(a =—
AO

_ 0C-CB
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A0 A0
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 OD AO AO
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0D A0 AD AO

= cos(a) * cos(f) — sin(a) * sin(f)
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is somehow like adding angles (g,h) were (cos(y),sin(y))
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c is a scaling factor here

: ° l
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From here on, we use unit triangles and the unit circle, to reduce nomenclature. Because we are concerned with angles, not size.



In a right triangle, by definition

1
b/c
a

a/c

c is a scaling factor here

l

0 b

sin(a) = ore _ 2 b =c*sin(a)
hyp ¢

di

cos(a) = A a=c*cos(a)

hyp ¢
: blc  blc opp
sin(a) = — = = =

From here on, we use unit triangles and the unit circle, to reduce nomenclature. Because we are concerned with angles, not size.

But, to do work with arbitrary complex (a,b) viewed as angles, first we show:

1.
2.
3.

That (a,b) can be part of a right triangle

That we can get ¢ and alpha from (a,b) right triangles
That we can normalize triangles to unit length and correct sizes later
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In a right triangle, by definition
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c?=a?+ b? a=c*cos(a)
a
c = [Va?+b?| cos(a) = —

C

—1 a
a =cos (—)
c

. opp _ b
sin() = —— = —

a hyp ¢
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In a right triangle, by definition

2: If you have imaginary number (a,b)

c?=a?+ b? a=c*cos(a)
a
c = [Va?+b?| cos(a) = —
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c
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0 b
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a hyp ¢
a adj a
cos(@) = —— = — a=c*cos(a)
hyp ¢

3: Scaling is a non-issue: we want |A[*|B|=|AB|
(aab)*(g7h) = (ag - bh7 ah + bg)
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Yup, initial sizes determine final sizes
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2 _ 2 2
RS™ = 0pe + 0y, Both lines were rotated by equal amounts, so RS=PQ
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Unit circle, radius of 1

NOW ROTATE BOTH LINES BY ANGLE -alpha
(i.e., add -alpha to each angle)

Both lines were rotated by equal amounts, so RS=PQ

RS? = QP?
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OP? = (cos(f) — cos(@))? + (sin(f) — sin(a))?
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) 2
RS™ = 5Re T 5Im Both lines were rotated by equal amounts, so RS=PQ

RS? = (cos(f — a) — 1)* + (sin(f — a) — 0)*
2 _ 2
RS? = <cosz(ﬂ —a)—2cos(f—a) + 1) + (sinz(ﬂ = a)) RS™=0F
cos(ff — a) = cos(f)cos(a) + sin(f)sin(a)

RS? =2 —2cos(f — a)
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OP? = (cos(f) — cos(@))? + (sin(f) — sin(a))?

QOP? = (cosz(ﬁ) — 2cos(f)cos(a) + cosz(a)> + (Sinz(ﬂ) — 2sin(p)sin(a) + Sinz(a)>
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R
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THIS TIME WE PLACED NO LIMITS ON ANGLES INVOLVED!

NOW ROTATE BOTH LINES BY ANGLE -alpha
(i.e., add -alpha to each angle)

RS* = 5% + 67
Re T Olm Both lines were rotated by equal amounts, so RS=PQ

RS? = (cos(f — a) — 1)* + (sin(f — a) — 0)*
2 _ 2
RS? = <cosz(ﬂ —a)—2cos(f—a) + 1) + (sinz(ﬂ = a)) RS™=0F
cos(ff — a) = cos(f)cos(a) + sin(f)sin(a)

RS? =2 —2cos(f — a)
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In a right triangle, by definition
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In a right triangle, by definition
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o hyp ¢

a adj a
cos(a) = —— = —
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For complementary angles, their sines and cosines are exchanged



In a right triangle, by definition

. opp _ b
sin(a) = —— = —

o hyp ¢

a adj a
cos(a) = —— = —

hyp ¢

For complementary angles, their sines and cosines are exchanged

. opp a
sin(c) = —— = — = cos(a)
2 hyp ¢



In a right triangle, by definition

: opp
sin(a) = —— =

a hyp

a adj
cos(a) = —— =

hyp

For complementary angles, their sines and cosines are exchanged

0 a
sin(o) = orr _ 4 _ cos(a)
hyp ¢

di b
cos(o) = 442 sin(a)
c
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In a right triangle, by definition
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o hyp ¢

a adj a
cos(a) = —— = —

hyp ¢

For complementary angles, their sines and cosines are exchanged

T : opp a
c=——q sin(c) = —— = — = cos(a)
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adj b _
cos(o) =—— = — = sin(a)
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This is a triangle-centric view where we treat all angles as if they were less than 90 degrees



In a right triangle, by definition

. opp _ b
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o hyp ¢

a adj a
cos(a) =—— = —

hyp ¢
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This is a triangle-centric view where we treat all angles as if they were less than 90 degrees



In a right triangle, by definition

. opp _ b
sin(a) = —— = —

o hyp ¢

a adj a
cos(a) =—— = —

hyp ¢

For complementary angles, their sines and cosines are exchanged

c = T a sin(o) = orr _ 2 _ cos(a) sin(z —a) = cos(a)
2 yp C 2
di b
cos(o) = 442 sin(a) cos(g —a) = sin(a)
c

This is a triangle-centric view where we treat all angles as if they were less than 90 degrees
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sin(—a) = — sin(a)
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a = cos(a)

b = sin(a)
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(a,b) b = sin(a)

(—a, — b) cos(—a) = cos(a)

sin(—a) = — sin(a)
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(a,b) b = sin(a)

cos(—a) = cos(a)
cos(ax £ ) = — cos(a)

(_aa - b)

sin(—a) = — sin(a)
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(a,b) b = sin(a)

cos(—a) = cos(a)
cos(a £ ) = — cos(a)

(—Cl, - b) sin(—a) = — sin(a)
sin(a £ ) = — sin(a)




cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a)



Trick 1: use -a to get additive angles

cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a)



Trick 1: use -a to get additive angles

cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a) cos(fp — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)



Trick 1: use -a to get additive angles

cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a) cos(fp — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a)



Trick 1: use -a to get additive angles

cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a) cos(fp — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a) cos(f + a) = cos(f)cos(a) — sin(f)sin(a)



Trick 1: use -a to get additive angles

cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a) cos(fp — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a) cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

Trick 2: find cos of complementary angle of a: (90-a)



cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

Trick 1: use -a to get additive angles

cos(f — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

Trick 2: find cos of complementary angle of a: (90-a)

(Z — @) = cos(Z)cos(a) + sin(=)sin(a)
COS2 a —C0S2C0Sa Sll’l2Sll’la



cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

Trick 1: use -a to get additive angles

cos(f — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

Trick 2: find cos of complementary angle of a: (90-a)

(Z — @) = cos(Z)cos(a) + sin(=)sin(a)
COS2 a —C0S2C0Sa Sll’l2Sll’la

cos(g —a)=0%cos(a) + 1 *sin(a)



cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

Trick 1: use -a to get additive angles

cos(f — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

Trick 2: find cos of complementary angle of a: (90-a)

(Z — @) = cos(Z)cos(a) + sin(=)sin(a)
COS2 a —C0S2C0Sa Sll’l2Sll’la

cos(g —a)=0%cos(a) + 1 *sin(a)

/4 .
COS(E —a) = sin(a)



Trick 1: use -a to get additive angles

cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a) cos(fp — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a) cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

Trick 2: find cos of complementary angle of a: (90-a)
T T T
cos(— — a) = cos(—=)cos(a) + sin(—)sin(a)
2 2 2
ﬂ .
COS(E —a)=0%cos(a) + 1 *sin(a)

/4 .
COS(E —a) = sin(a)

Trick 3: reverse and find sin of complementary angle (90-a)



Trick 1: use -a to get additive angles

cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a) cos(fp — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a) cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

Trick 2: find cos of complementary angle of a: (90-a)
T T T
cos(— — a) = cos(—=)cos(a) + sin(—)sin(a)
2 2 2
ﬂ .
COS(E —a)=0%cos(a) + 1 *sin(a)

/4 .
COS(E —a) = sin(a)

Trick 3: reverse and find sin of complementary angle (90-a)

n(= - a) = cos(= — (= — )
Sll’l2 Cl—COS2 > a



Trick 1: use -a to get additive angles

cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a) cos(fp — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a) cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

Trick 2: find cos of complementary angle of a: (90-a)

(Z — @) = cos(Z)cos(a) + sin(=)sin(a)
CcOS 2 a) = CcoS 2 cos\a Sin 2 Sinlta

COS(g —a)=0%cos(a) + 1 *sin(a)

cos(g —a) = sin(a)

Trick 3: reverse and find sin of complementary angle (90-a)

n(= - a) = cos(= — (= — )
Sin > a) = CoS > > a

(= — a) = cos(= — = + a)
Sint— — o) = cos\— — — a
2 2 2



Trick 1: use -a to get additive angles

cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a) cos(fp — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a) cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

Trick 2: find cos of complementary angle of a: (90-a)

(Z — @) = cos(Z)cos(a) + sin(=)sin(a)
CcOS 2 a) = CcoS 2 cos\a Sin 2 Sinlta

COS(g —a)=0%cos(a) + 1 *sin(a)

cos(g —a) = sin(a)

Trick 3: reverse and find sin of complementary angle (90-a)

n(= - a) = cos(= — (= — )
Sin > a) = CoS > > a

(= — a) = cos(= — = + a)
Sint— — o) = cos\— — — a
2 2 2

Sin(g —a) = cos(a)



Trick 1: use -a to get additive angles

cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a) cos(fp — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a) cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

T , Trick 2: find cos of complementary angle of a: (90-a)
COS(E —2) = sin(z)

(% - @) = cos(Z)cos(a) + sin(=)sin(a)
cos 5 a) = cos 5 cos(a) + sin 5 sin(a
COS(g —a)=0%cos(a) + 1 *sin(a)

cos(g —a) = sin(a)

Trick 3: reverse and find sin of complementary angle (90-a)

n(= - a) = cos(= — (= — )
Sin > a) = CoS > > a

(= — a) = cos(= — = + a)
Sint— — o) = cos\— — — a
2 2 2

Sin(g —a) = cos(a)



Trick 1: use -a to get additive angles

cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a) cos(fp — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a) cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

T , Trick 2: find cos of complementary angle of a: (90-a)
COS(E —2) = sin(z)
T T T
cos(z —a) = cos(a)cos(a) + sin(a)sin(a)
T
sin(— —2z) = cos(2) .
2 COS(E —a)=0%cos(a) + 1 *sin(a)

cos(g —a) = sin(a)

Trick 3: reverse and find sin of complementary angle (90-a)

n(= - a) = cos(= — (= — )
Sll’l2 Cl—COS2 > a

(= — a) = cos(= — = + a)
Sint— — o) = cos\— — — a
2 2 2

Sin(g —a) = cos(a)



cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

cos(g —2) = sin(2)

sin(g —2) = cos(2)

Now find sin of combined angles

Trick 1: use -a to get additive angles

cos(f — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

Trick 2: find cos of complementary angle of a: (90-a)

(Z — @) = cos(Z)cos(a) + sin(=)sin(a)
CcOS 2 a) = CcoS 2 cos\a Sin 2 Sinlta

cos(g —a)=0%cos(a) + 1 *sin(a)

cos(g —a) = sin(a)

Trick 3: reverse and find sin of complementary angle (90-a)

n(= - a) = cos(= — (= — )
Sin > a) = CoS > > a

(= — a) = cos(= — = + a)
Sint— — o) = cos\— — — a
2 2 2

Sin(g —a) = cos(a)



cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

cos(g —2) = sin(2)

sin(g —2) = cos(2)

Now find sin of combined angles

sin(f+a) = cos(% —(p+ a))

Trick 1: use -a to get additive angles

cos(f — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

Trick 2: find cos of complementary angle of a: (90-a)

(Z — @) = cos(Z)cos(a) + sin(=)sin(a)
CcOS 2 a) = CcoS 2 cos\a Sin 2 Sinlta

COS(g —a)=0%cos(a) + 1 *sin(a)

cos(g —a) = sin(a)

Trick 3: reverse and find sin of complementary angle (90-a)

n(= - a) = cos(= — (= — )
Sin > a) = CoS > > a

(= — a) = cos(= — = + a)
Sint— — o) = cos\— — — a
2 2 2

Sin(g —a) = cos(a)



cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

cos(g —2) = sin(2)

sin(g —2) = cos(2)

Now find sin of combined angles

sin(f+a) = cos(% —(p+ a))

T
sin(f+a) = COS<(5 —p) — a)>

Trick 1: use -a to get additive angles

cos(f — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

Trick 2: find cos of complementary angle of a: (90-a)

(Z — @) = cos(Z)cos(a) + sin(=)sin(a)
CcOS 2 a) = CcoS 2 cos\a Sin 2 Sinlta

COS(g —a)=0%cos(a) + 1 *sin(a)

cos(g —a) = sin(a)

Trick 3: reverse and find sin of complementary angle (90-a)

n(= - a) = cos(= — (= — )
Sin > a) = CoS > > a

(= — a) = cos(= — = + a)
Sint— — o) = cos\— — — a
2 2 2

Sin(g —a) = cos(a)



Trick 1: use -a to get additive angles

cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a) cos(fp — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a) cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

T , Trick 2: find cos of complementary angle of a: (90-a)
COS(E —2) = sin(z)

T T T
cos(— — a) = cos(—=)cos(a) + sin(—)sin(a)

P 2 2 2
sin(— —2z) = cos(2) .
2 COS(E —a)=0%cos(a) + 1 *sin(a)

/4 .
COS(E —a) = sin(a)

Now find sin of combined angles

T
sin(f+a) = cos(z —(p+ a)) Trick 3: reverse and find sin of complementary angle (90-a)

sin(f + a) = cos((% —p) — 06)) sin(% —a) = cos(g - (g —Q))

_ ” o - '(f_ ) = (f_£_|_ )
= COS(E — p)cos(a) +Sm(2 — P)sin(a) Sin > a) = cos ) o

. T B
Sln(E —a) = cos(a)



Trick 1: use -a to get additive angles

cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a) cos(fp — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a) cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

T , Trick 2: find cos of complementary angle of a: (90-a)
COS(E —2) = sin(z)

T T T
cos(— — a) = cos(—=)cos(a) + sin(—)sin(a)

P 2 2 2
sin(— —2z) = cos(2) .
2 COS(E —a)=0%cos(a) + 1 *sin(a)

/4 .
COS(E —a) = sin(a)

Now find sin of combined angles

T
sin(f+a) = cos(z —(p+ a)) Trick 3: reverse and find sin of complementary angle (90-a)

sin(f + a) = cos((% —p) — 06)) sin(% —a) = cos(g - (g —Q))

_ ” o - '(f_ ) = (f_£_|_ )
= COS(E — p)cos(a) +Sm(2 — P)sin(a) Sin > a) = cos ) o

sin(f + a) = sin(f)cos(a) + cos(f)sin(a) sin(g —a) = cos(a)



Trick 1: use -a to get additive angles

cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a) cos(fp — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a) cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

T , Trick 2: find cos of complementary angle of a: (90-a)
COS(E —2) = sin(z) .
T T
cos(z —a) = cos(a)cos(a) + sin(a)sin(a)
T
sin(— —2z) = cos(2) .
2 COS(E —a)=0%cos(a) + 1 *sin(a)

/4 .
COS(E —a) = sin(a)

Now find sin of combined angles

T
sin(f+a) = cos(z —(p+ a)) Trick 3: reverse and find sin of complementary angle (90-a)

sin(f + a) = cos((% —p) — 06)) sin(% —a) = cos(g - (g —Q))

= cos(Z n(= ~ psi n(= - a) = cos(= - = +a)
= COS(E — P)cos(a) + sm(a — P)sin(a) Sin > a) = cos ) o

sin(f + a) = sin(f)cos(a) + cos(f)sin(a) sin(g —a) = cos(a)

sin(f — a) = sin(f)cos(a) — cos(f)sin(a)



Trick 1: use -a to get additive angles

cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a) cos(fp — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a) cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

T , Trick 2: find cos of complementary angle of a: (90-a)
COS(E —2) = sin(z)
T T T
cos(— — a) = cos(—=)cos(a) + sin(—)sin(a)
P 2 2 2
sin(— —2z) = cos(2) .
2 COS(E —a)=0%cos(a) + 1 *sin(a)

/4 .
COS(E —a) = sin(a)

Now find sin of combined angles

_ T
sin(f+a) = cos(z —(p+ a)) Trick 3: reverse and find sin of complementary angle (90-a)

sin(f + a) = cos((% —p) — 06)) sin(% —a) = cos(g - (g —Q))

= cos(= — fcos(a) + sin(> = Pysin(@)  sin(5 —a) = cos(5 — =+ a)
—0052 P)cos(a sm2 P)sin(a sm2 a—cos2 > a

sin(f + a) = sin(f)cos(a) + cos(f)sin(a) sin(g —a) = cos(a)

sin(f — a) = sin(f)cos(a) — cos(f)sin(a)

** don’t get misled - complementary angles are a trig concept in triangles **



Trick 1: use -a to get additive angles

cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a) cos(fp — (—a)) = cos(f)cos(—a) + sin(f)sin(—a)
cos(f + a) = cos(f)cos(a) — sin(f)sin(a) cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

T , Trick 2: find cos of complementary angle of a: (90-a)
COS(E —2) = sin(z)
T T T
cos(— — a) = cos(—=)cos(a) + sin(—)sin(a)
P 2 2 2
sin(— —2z) = cos(2) .
2 COS(E —a)=0%cos(a) + 1 *sin(a)

/4 .
COS(E —a) = sin(a)

Now find sin of combined angles

_ T
sin(f+a) = cos(z —(p+ a)) Trick 3: reverse and find sin of complementary angle (90-a)

sin(f+ a) = cos((g —p) — a)> sin(g —a) = cos(g — (g —a))

= cos(= — fcos(a) + sin(> = Pysin(@)  sin(5 —a) = cos(5 — =+ a)
—0052 P)cos(a sm2 P)sin(a sm2 Oz—cos2 > a

sin(f + a) = sin(f)cos(a) + cos(f)sin(a) sin(g —a) = cos(a)

sin(f — a) = sin(f)cos(a) — cos(f)sin(a)

** don’t get misled - complementary angles are a trig concept in triangles **

** the pi/2 lead/lag is true in the general trig concept of functions at all x **



We have from triangles




We have from triangles

. T o
sm(E —a) = cos(a)



We have from triangles

. T o
sm(E —a) = cos(a)

T .
COS(E —a) = sin(a)



We have from triangles

. T o
sm(E —a) = cos(a)
ﬂ' — .
COS(E —a) = sin(a)

(complementary angles)



We have from triangles We also have from the function below

. T o
sm(E —a) = cos(a)
ﬂ' — .
COS(E —a) = sin(a)

(complementary angles)



We have from triangles We also have from the function below

. T o
sm(E —a) = cos()
T .
COS(E —a) = sin(a)

(complementary angles)

\

N/

NN




We have from triangles We also have from the function below

T T
sin(— — a) = cos(a) cos(a) = sin(a + —)
2 2
T .
COS(E —a) = sin(a)

(complementary angles)

\

N/

NN




We have from triangles We also have from the function below

T T

sin(— — a) = cos(a) cos(a) = sin(a + —)
2 2

(= - a) = sin(a) in(a) = cos(a - =)
cos 5 a) = sin(a sin(a) = cos(a 5

(complementary angles)

\

N/

NN




We have from triangles We also have from the function below

T T
Si”(E —a) = cos(a) cos(a) = sin(a + 5)
/A /A
COS(— — a) = sin(a) Sil’l((l) = COS(Q’ - _)
2 2
(complementary angles) (leading/lagging relations)

\

N/

NN




We have from triangles We also have from the function below How to get between?

T T
Si”(E —a) = cos(a) cos(a) = sin(a + 5)
/A /A
COS(— — a) = sin(a) Sil’l((l) = COS(Q’ - _)
2 2
(complementary angles) (leading/lagging relations)

\

N/




We have from triangles We also have from the function below How to get between?

T . T
Si”(E —a) = cos(a) cos(a) = sin(a + 5)

(£ - ) = sin(a) n(a) = cos(a — =)
coS 2 a) = Sin\a Sinla) = cos\a 2

cos(—x) = cos(x)

(complementary angles) (leading/lagging relations)

\

N/

[\
NN




We have from triangles We also have from the function below How to get between?

(= — a) = cos(a) (@) = sin(a + =) n(= — a) = cos(a) = sin(a + )
Sll’l2 a)=cos\a cos\a) = Sin\a 2 Sll/l2 a)=cos\a) =sinla 2

(£ - ) = sin(a) n(a) = cos(a — =)
coS 2 a) = Sin\a Sinla) = cos\a 2

cos(—x) = cos(x)

(complementary angles) (leading/lagging relations)

\

N/

[\
NN



We have from triangles We also have from the function below How to get between?

(= — a) = cos(a) (@) = sin(a + =) n(= — a) = cos(a) = sin(a + )
Sll’l2 a)=cos\a cos\a) = Sin\a 2 Sll/l2 a)=cos\a) =sinla 2

. T . i f
cos(g —a) = sin(a) sin(a) = cos(a — g) Sm(? —o-n)=-cos@) sin(a + 2)

cos(—x) = cos(x)

(complementary angles) (leading/lagging relations)

\

N/

[\
NN



We have from triangles We also have from the function below How to get between?

(= — a) = cos(a) (@) = sin(a + =) n(= — a) = cos(a) = sin(a + )
Sll’l2 a)=cos\a cos\a) = Sin\a 2 Sll/l2 a)=cos\a) =sinla 2

. T . s f
cos(g —a) = sin(a) sin(a) = cos(a — g) Sm(? —o-m)=-cos@) = —sina+ 2)

cos(—x) = cos(x) . i
Sin(—z —a) = —cos(a) = — sin(a + E)

(complementary angles) (leading/lagging relations)

\

%

[\
NN



We have from triangles We also have from the function below How to get between?

(= — a) = cos(a) (@) = sin(a + =) n(= — a) = cos(a) = sin(a + )
Sll’l2 a)=cos\a cos\a) = Sin\a 2 Sll/l2 a)=cos\a) =sinla 2

. T . s f
cos(g —a) = sin(a) sin(a) = cos(a — g) Sm(? —o-m)=-cos@) = —sina+ 2)

cos(—x) = cos(x) . i
Sin(—z —a) = —cos(a) = — sin(a + E)

(complementary angles) (leading/lagging relations)

in(— (= +a) = = cos(@) = - sin(a +=)
Sin 5 a)) = cos\x) = Sin(a 5

\

%

[\
NN



We have from triangles We also have from the function below How to get between?

(= — a) = cos(a) (@) = sin(a + =) n(= — a) = cos(a) = sin(a + )
Sll’l2 a)=cos\a cos\a) = Sin\a 2 Sll/l2 a)=cos\a) =sinla 2

. T . s f
cos(g —a) = sin(a) sin(a) = cos(a — g) Sm(? —o-m)=-cos@) = —sina+ 2)

cos(—x) = cos(x) . i
Sin(—z —a) = —cos(a) = — sin(a + E)

(complementary angles) (leading/lagging relations)

in(— (= +a) = = cos(@) = - sin(a +=)
Sin 5 a)) = cos\x) = Sin(a 5

sin(—x) = — sin(x)

\

%

[\
NN



We have from triangles We also have from the function below

T T
Si”(E —a) = cos(a) cos(a) = sin(a + 5)
/A /A
COS(— — a) = sin(a) Sil’l((l) = COS(Q’ - _)
2 2
(complementary angles) (leading/lagging relations)

\

N/

NN




We have from triangles We also have from the function below We have twinned relations of sin to cos

T T
Si”(E —a) = cos(a) cos(a) = sin(a + 5)
/A /A
COS(— — a) = sin(a) Sil’l((l) = COS(Q’ - _)
2 2
(complementary angles) (leading/lagging relations)

\

N/




We have from triangles We also have from the function below We have twinned relations of sin to cos

T
sin(g —a) = cos(a) cos(a) = sin(a + 5) visibly, cos lags sin
T T
cos(— —a) = sin(a) sin(a) = cos(a — —)
2 2
(complementary angles) (leading/lagging relations)

\

N/




We have from triangles We also have from the function below We have twinned relations of sin to cos

T
sin(g —a) = cos(a) cos(a) = sin(a + 5) visibly, cos lags sin
T T
cos(— —a) = sin(a) sin(a) = cos(a — —)
2 2
(complementary angles) (leading/lagging relations)

\

N/




We have from triangles We also have from the function below We have twinned relations of sin to cos

T
sin(g —a) = cos(a) cos(a) = sin(a + 5) visibly, cos lags sin
T T
cos(— —a) = sin(a) sin(a) = cos(a — —)
2 2
(complementary angles) (leading/lagging relations)

\

N/




We have from triangles We also have from the function below We have twinned relations of sin to cos

T
sin(g —a) = cos(a) cos(a) = sin(a + 5) visibly, cos lags sin
T T
cos(— —a) = sin(a) sin(a) = cos(a — —)
2 2
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Full of math?

We opened by talking about complex numbers

You derived an expression for multiplying complex numbers

You saw if complex numbers are viewed as angled vectors, multiplying is like adding angles

We saw we could normalize vectors to unit length (and unnormalize later)

And we have developed general ways to add angles

And so...



With complex vectors in the imaginary plane:

cos(f + a) = cos(f)cos(a) — sin(f)sin(a) cos(fp — a) = cos(f)cos(a)) + sin(f)sin(a)

sin(f + a) = sin(f)cos(a) + cos(f)sin(a) sin(f — a) = sin(f)cos(a) — cos(f)sin(a)



With complex vectors in the imaginary plane:

Multiplying vectors is adding angles
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With complex vectors in the imaginary plane:

Multiplying vectors is adding angles

cos(f + a) = cos(f)cos(a) — sin(f)sin(a)

sin(f + a) = sin(f)cos(a) + cos(f)sin(a)

We can take (a,b), normalize,
work in unit vectors,
and multiply by needed length at the end

cos(ff — a) = cos(fP)cos(a)) + sin(f)sin(a)
sin(f — a) = sin(f)cos(a) — cos(f)sin(a)
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MULTIPLYING COMPLEX NUMBERS IS ROTATING



With complex vectors in the imaginary plane:

Multiplying vectors is adding angles QO:
cos(f + a) = cos(f)cos(a) — sin(f)sin(a) cos(fp — a) = cos(f)cos(a)) + sin(f)sin(a)
sin(f + a) = sin(f)cos(a) + cos(f)sin(a) sin(f — a) = sin(f)cos(a) — cos(f)sin(a)

We can take (a,b), normalize,
work in unit vectors,
and multiply by needed length at the end

MULTIPLYING COMPLEX NUMBERS IS ROTATING



dh

NI




What is the square root of 1?




What is the square root of 1?




What is the square root of 1?

(1,0)




What is the square root of 1?

Magnitudes must be on unit circle

(1,0)




What is the square root of 1?

Magnitudes must be on unit circle

Rephrase: what angles added twice end at (1,0)?

(1,0)




What is the square root of 1?

Magnitudes must be on unit circle

Rephrase: what angles added twice end at (1,0)?

(1,0): angle of 0 stays there

(1,0)




What is the square root of 1?

Magnitudes must be on unit circle

Rephrase: what angles added twice end at (1,0)?

(1,0): angle of 0 stays there

(-1,0): angle of pi twice becomes 2pi

(1,0)




What is the square root of 1?

Magnitudes must be on unit circle

Rephrase: what angles added twice end at (1,0)?

(1,0): angle of 0 stays there

(-1,0): angle of pi twice becomes 2pi

(—1,0) (1,0)




What is the square root of 1?

Magnitudes must be on unit circle

Rephrase: what angles added twice end at (1,0)?

(1,0): angle of 0 stays there

(-1,0): angle of pi twice becomes 2pi

(—1,0) \ (1,0)




What is the square root of 1?

Magnitudes must be on unit circle

Rephrase: what angles added twice end at (1,0)?

(1,0): angle of 0 stays there

(-1,0): angle of pi twice becomes 2pi

(—1,0) (1,0)




dh

-




What is the cube root of 1?

(1,0)




What is the cube root of 1?

Rephrase: what angles added three times are multiples of 2pi?

(1,0)




What is the cube root of 1?

Rephrase: what angles added three times are multiples of 2pi?

(1,0)




What is the cube root of 1?

Rephrase: what angles added three times are multiples of 2pi?

(1,0)




What is the cube root of 1?

Rephrase: what angles added three times are multiples of 2pi?

(1,0)




dh

-




What is the fourth root of 1?

(1,0)




What is the fourth root of 1?

Rephrase: what angles added four times are 07?

(1,0)




What is the fourth root of 1?

Rephrase: what angles added four times are 07?

(1,0)




What is the fourth root of 1?

Rephrase: what angles added four times are 07?

(1,0)




What is the fourth root of 1?

Rephrase: what angles added four times are 07?

(1,0)




What is the fourth root of 1?

Rephrase: what angles added four times are 07

(1,0)




dh

-




What is the square root of (a,b)?

(1,0)




What is the square root of (a,b)?

Rephrase: what angles added twice point to (a,b)?

(1,0)




What is the square root of (a,b)?

Rephrase: what angles added twice point to (a,b)?

(1,0)




What is the square root of (a,b)?

Rephrase: what angles added twice point to (a,b)?

[,
/




What is the square root of (a,b)?

Rephrase: what angles added twice point to (a,b)?

Q1: where is the other root?
(1,0)
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What is the cube root of (a,b)?
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Q2: where are the other roots?
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Q3: How do you find sqrt(c) for c>1

1,0
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Q4: How do you find sqgrt(a,b) in general?

(1,0)
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Q5: How does multiplication generally “look”?
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Q6: Do you “see” division yet?
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Q6: Do you “see” division yet?

(1,0)




